Abstract. In his paper Triangles with three rational medians, about the characterization of all rational-sided triangles with three rational medians, Buchholz proves that each such triangle corresponds to a point on a oneparameter family of elliptic curves whose rank is at least 2.
Introduction
The existence and parametrization of rational-sided triangles with additional conditions has a long history, see the second volume of the History of the Theory of Numbers by L. E. Dickson [7] for older results. There exist also a more recent and extensive mathematical literature on these topics. See for example [2] , [8] and [9] and the references given there. The existence of innitely many rational-sided triangles with two rational medians is proved in [4] . Often these problems are deeply connected with a family of elliptic curves. This is the case for the problem of the parametrization of all the rational-sided triangles having also their three medians rational. This problem studied by Buchholz in [3] , is the object of this note.
Let us briey sketch the argument of Buchholz. The medians, m a , m b , m c and the sides a, b, c of a triangle satisfy the following relationships:
From here, and factorizing the rst two equations over the eld Q( √ 2), Buchholz shows that the sides of all rational-sided triangles with two rational medians are given by
where r, s and t are rationals such that t > 0, 0 < r, s < 1 and r + 2s > 1. These conditions are a consequence of the triangle inequality applied to the sides. The parameter t is just a scaling factor so it can assume any xed positive value. Now this quartic is interpreted as a family of quartics in one of the variables and depending on the other as the parameter of the family. Standard transformations carry the quartic to the form
where
In [3, Theorem 1], Buchholz states that the torsion subgroup is always Z/2Z, and that the rank of this family over Q(m) is ≥ 2. He also exhibits examples of curves with rank 7 over Q. The purpose of this note is to prove that in fact the rank of this family of curves over Q(m) is exactly 3. We also exhibit a subfamily whose rank is ≥ 4 and we show the existence of innitely many curves of rank 5, parametrized by an elliptic curve of positive rank. Finally, we show curves within these two families having rank 9 and 10 over Q.
Rank over
By a direct search into the cubic we nd the following three points of innite order:
For the value m = 5 the curve has rank 3 and the three points became
A calculation with mwrank [5] shows that these three points are independent and since the specialization map is a homomorphism, we get that the rank over Q(m) is ≥ 3.
Rank over Q(m)
is equal to 3. We will now show that the rank of E over Q(m) is equal to 3. We start by getting the information on the rank of E over C(m). We will obtain an upper bound for rank(E(C(m))) using Shioda's formula [16, Corollary 5.3] :
Here N S(E, C) is the Néron-Severi group of E over C, and the sum ranges over all singular bres of E, with m s being the number of irreducible components of the bre. By transforming E into short Weierstrass form y 2 = x 3 + Cx + D, we nd that deg C = 8 and deg D = 12, which implies that E is a K3 surface (see [11] Thus we now know that 3 ≤ rank(E(Q(m))) ≤ 6. Let us consider now the curve E over K(m), where K = Q(
. We already have from the previous section that rank(E(Q(m))) ≥ 3. So we need lower bounds for the other two summands on the right hand side of (2). We nd two independent points
on E (3) (Q(m)) (the independence can be checked by an appropriate specialization, e.g. m = 2 gives independent points P 4 (2) = (225, −1890), P 5 (2) = (−18, −1890) on the specializes curve) and one point of innite order
on E (−3) (Q(m)). Therefore, we get that
Comparing these lower bounds for the ranks on the right hand side of (2) with the upper bound for the left hand side rank(E(K(m))) ≤ 6, we conclude that all these bounds are indeed equalities. In particular, rank(E(Q(m))) = 3.
A subfamily whose rank over Q(m) is ≥ 4
A new point, with x-coordinate 9(−1+m) 2 m, is on the cubic (1) if the expression
2 ) is a rational square. This turns out to be equivalent to choose
The coecients of the subfamily, written as y
The x-coordinates of four independent points are:
In order to prove that this subfamily has rank at least 4 over Q(u) we use again the specialization. Take u = 2, then the curve has rank exactly 4 and the four points, with their y-coordinates included, are
The Cremona program mwrank [5] gives the independence of these four points, and the fact that the specialization map is a homomorphism implies that the rank of the subfamily over Q(u) is at least 4.
3.1. Families of rank 5. The condition for
to be the x-coordinate of a new point on the curve, gives the quartic equation
which is birationally equivalent to an elliptic curve of rank 1. So the points on this elliptic curve give a parametrization for an innite family of curves with rank 5. Also for
2 the condition to be the x-coordinate of a new point on the curve gives the quartic equation
which is birationally equivalent to an elliptic curve of rank 2. So the points on this elliptic curve give a parametrization for an innite family of curves with rank 5.
Examples of curves with higher rank
In [B] , several curves with rank 7 over Q in the family (1) were found, e.g. for m = 17/70. We searched for curves with higher rank, and we are able to nd several examples with rank 9 and one example with rank 10. We use the sieving method based on Mestre-Nagao sums
(see [10, 12, 6] ). For curves with large values of S(N, E), we compute the Selmer rank, as an upper bound for the rank which is easier to compute than the rank itself. We combine these information with the conjectural parity for the rank. Finally, we try to compute the rank and nd generators for the best candidates for large rank. We have implemented this procedure in PARI [13] , using [5] for the computation of the Selmer rank and the rank. Since the family with rank ≥ 4 from Section 3 has relatively large coecients, we were able to nd only one curve with rank 9 within this family, and this was for u = 211/77. In the family (1) The ten independent points found by and further reduced by the LLL algorithm are: 
